The length scale of the magnetization gradients in chiral magnets is determined by the relativistic Dzyaloshinskii-Moriya interaction. Thus, even conventional spin-transfer torques are controlled by the relativistic spin-orbit coupling in these systems, and additional relativistic corrections to the current-induced torques and magnetization damping become important for a complete understanding of the current-driven magnetization dynamics. We theoretically study the effects of reactive and dissipative homogeneous spin-orbit torques and anisotropic damping on the current-driven skyrmion dynamics in cubic chiral magnets. Our results demonstrate that spin-orbit torques play a significant role in the current-induced skyrmion velocity. The dissipative spin-orbit torque generates a relativistic Magnus force on the skyrmions, whereas the reactive spin-orbit torque yields a correction to both the drift velocity along the current direction and the transverse velocity associated with the Magnus force. The spin-orbit torque corrections to the velocity scale linearly with the skyrmion size, which is inversely proportional to the spin-orbit coupling. Consequently, the reactive spin-orbit torque correction can be the same order of magnitude as the non-relativistic contribution. More importantly, the dissipative spin-orbit torque can be the dominant force that causes a deflected motion of the skyrmions if the torque exhibits a linear or quadratic relationship with the spin-orbit coupling.
I. INTRODUCTION
The manipulation of submicron-scale magnetic elements via electric currents has paved the way for a promising new class of magnetoelectronic devices with improved scalability, faster execution time, and lower power consumption.
1, 2 The dominant mechanism of current-driven magnetic excitations in conventional metallic ferromagnets is the spin-transfer-torque (STT) effect, 3, 4 in which spin angular momentum is transferred from spin-polarized currents to the magnetization, generating the torque τ (r, t) on the magnetization: 1, 2 τ (r, t) = − (1 − βm×) (v s · ∇) m.
(
Here, the vector v s is proportional to the out-ofequilibrium current density J and the spin polarization of the current. The first term in Eq. (1) describes the reactive STT, whereas the second term, which is proportional to β, describes the dissipative STT.
In systems that lack spatial-inversion symmetry, an alternative manner of generating current-induced magnetization torques is via relativistic intrinsic spinorbit coupling (SOC). Orbital momentum is (via SOC) transferred to the spins, causing a so-called spinorbit torque (SOT) on the magnetization. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] Recently, SOTs have been observed to lead to remarkably efficient current-driven magnetization dynamics in ultrathin magnetic films and strained ferromagnetic semiconductors. [7] [8] [9] [10] [11] [12] [13] [18] [19] [20] 22, 23 Similar to the STT in Eq. (1), such SOTs also have reactive and dissipative contributions. 21, 24 Although the reactive homogeneous SOT is known to scale linearly with the SOC to the lowest order, 6, 7 there are only a few theoretical works regarding the dissipative SOT that typically predict it to be smaller. 24 However, a recent experiment and theory demonstrate that the dissipative homogeneous SOT can be of the same order of magnitude as the reactive part. 21 SOTs can enable the design of significantly simpler devices because the torques originate from a direct conversion of orbital angular momentum into spin excitations and appear even in homogenous ferromagnets with no external sources of spin-polarized currents.
Magnetic skyrmions are vortex-like spin configurations that cannot be continuously deformed into a homogeneous magnetic state. 25 Experimentally, magnetic skyrmion phases were first reported in bulk chiral magnets, [26] [27] [28] [29] [30] [31] [32] and more recently, they also have been observed in magnetic thin films. [33] [34] [35] [36] [37] [38] Under the application of a weak external magnetic field, a chiral magnetic system crystallizes into a two-dimensional lattice of skyrmions in which the magnetic moment at the core of each vortex is antiparallel to the applied field, whereas the peripheral magnetic moments are parallel. In ultra-thin magnetic films, the skyrmion phase becomes more energetically favorable with decreasing film thickness, [34] [35] [36] 38, 39 and for a single atomic layer of Fe, a skyrmion structure at the atomic length scale has been observed even in the absence of an external magnetic field.
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In the context of spintronic applications, promising characteristics of skyrmions are the extremely low depinning currents 31, 32 that are required to move them and the fact that they avoid pinning centers. 40 A proposed explanation of the latter feature is that the Magnus force acts on the skyrmions, leading to a deflection of their motion. 40, 41 This force is closely linked to the topological Hall effect and can be viewed as the reaction of the fictitious Lorentz force experienced by the itinerant quasiparticles as their spins adiabatically align with the local magnetization direction.
The underlying physical mechanism that gives rise to the skyrmion phase is the Dzyaloshinskii-Moriya inter-action (DMI). 42, 43 The DMI has the same relativistic origin as the homogeneous SOTs observed in ferromagnetic heterostructures and strained ferromagnetic semiconductors. They both arise from the combined effect of spin-orbit coupling and broken spatial-inversion symmetry. Neglected in earlier works concerning currentinduced skyrmion motion, a reactive SOT in chiral magnets was predicted and studied for systems in the helical phase in Ref. 44 . However, the effect of reactive and dissipative SOTs on the skyrmion dynamics in bulk chiral magnets remains unknown. Such studies are important because SOTs can be equally as important as the conventional STTs in Eq. (1) . This equal importance is because the typical length scale of the spatial variations of the magnetization is determined by the DMI, i.e., the magnetization gradients ∂ i m j scale as ∂ i m j ∼ D/J, where D is the DMI parameter and J is the spin stiffness. Because D is linear in the SOC, even the non-relativistic STT in Eq. (1) is proportional to the SOC to the lowest order in the relativistic corrections. Thus, the SOTs in chiral magnets can be of the same order of magnitude as the conventional STT. Thus, a complete understanding of the current-driven dynamics of chiral magnets requires a correct treatment of SOC effects on both the currentinduced torques and magnetization damping.
The magnetization dynamics driven by currents or external fields strongly depends on dissipation. In isotropic systems, the damping can typically be assumed to be decoupled from the magnetization direction and its texture. However, this model does not necessarily extend to chiral magnets. First, the broken spatial-inversion symmetry allows for terms that are linear, not only quadratic, in the magnetization gradients. Second, chiral magnets have a preferred direction, and thus, the dissipation is likely not isotropic and independent of the texture structure.
In this paper, we present a theoretical study of the current-induced dynamics of skyrmions that correctly accounts for the effects of SOC on both current-induced torques and magnetization damping. Our results demonstrate that SOC generates reactive and dissipative homogeneous SOTs that lead to important corrections to the drift velocity along the current direction and to the Magnus force. Another essential consequence of the SOC is that the skyrmions experience effective damping and torque parameters that depend on the current direction relative to the crystallographic axes. This paper is organized as follows. Section II introduces the phenomenology of SOTs that was presented in Ref. 45 and performs a similar phenomenological expansion for the Gilbert damping tensor. In Section III, we apply the phenomenology to the study of current-induced skyrmion dynamics in cubic chiral magnets and derive a collective coordinate description for the skyrmion velocity. Our results are summarized in Section IV.
II. PHENOMENOLOGICAL EXPANSION
We include the SOC effects phenomenologically by deriving an equation for the magnetization dynamics that satisfies the symmetry of the underlying crystal structure. In deducing expressions for the torques and dissipation, we perform a phenomenological expansion of the magnetization-damping tensor and current-induced torques in terms of the magnetization and its gradients. The magnetic system is assumed to satisfy the local approximation, in which the magnetization dynamics depends only on the local properties of the system. In this approximation, the magnetization dynamics can be phenomenologically expressed in terms of the LandauLifshitz-Gilbert-Slonczewski (LLGS) equation:
Here, m(r, t) is the unit vector of the magnetization M(r, t) = M s m(r, t), γ is (minus) the gyromagnetic ratio, and H eff (r, t) = −δF [M]/δM is the effective field determined by the functional derivative of the magnetic free-energy functional
is the free-energy density. The second term on the right side of Eq. (2) describes the magnetization damping, where α(r, t) is a symmetric, positive-definite second-rank tensor that depends on the local magnetization direction and local magnetization gradients. The torque τ (r, t) in Eq. (2) represents the current-induced torques.
The free-energy density of a magnetic system is, to the second order in the magnetization gradients,
The tensor J ij is the spin stiffness, D ijk describes the DMI, and B is an external magnetic field. In an inversion-symmetric system, D ijk = 0. The two terms proportional to K
(1) ij and K (2) ijkl represent the two first harmonics in the phenomenological expansion of the magnetocrystalline anisotropy energy. J ij , D ijk , K (1) ij , and K (2) ijkl are polar tensors that are invariant under the point group of the system. 46 In the above equation and in what follows, we assume summation over repeated indices, and ∂ i is a shorthand notation for ∂/∂r i .
A similar phenomenological expansion can be performed for the Gilbert damping tensor α(r, t). To the second order in the spatial magnetization gradients, we obtain
Again, the tensors α
ijklp , and α (3, 4) ijklpq are invariant under the point group of the system, and the tensor α (2) ijklp only appears in systems with broken spatialinversion symmetry, such as chiral magnets, the focus of this study. Terms that are odd under time reversal do not appear in the expansion because such terms do not represent dissipative processes.
Recently, in Ref. 45 , we carried out a phenomenological expansion of the current-induced torque τ (r, t). The starting point of the derivation is to write down the most general form of the torque in the linear-response regime and in the local approximation:
The second-rank tensor (η[m, ∇m]) ij , which we refer to as the fieldance tensor, depends on the local magnetization direction and local gradients of the magnetization.
The fieldance tensor contains all information concerning the local torque. The general form of the fieldance tensor is not known in systems with strong SOC, but recent experiments indicate that it has a complicated structure.
18-21 Therefore, we expand the fieldance tensor in powers of m i and ∂ j m i to find simplified expressions for the allowed torques:
The first and second terms in Eq. (6) represent the reactive and dissipative homogeneous SOTs, respectively, that recently have been observed experimentally.
7,8,21
These terms are only present in systems with broken spatial-inversion symmetry. The last two terms in Eq. (6) represent a generalization of the torque in Eq. (1). In the non-relativistic limit, in which the system is invariant under separate rotations of the spin space and coordinate space, the β ijkl term and P ijkln term are equal to the dissipative and reactive STTs in Eq. (1), respectively.
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When SOC is included, the forms of the tensors in Eq. (6) are, as for the free energy and magnetization damping, determined by the crystal symmetry: Λ (r) ij and P ijkln become invariant axial tensors of the point group, whereas Λ (d) ijk and β ijkl become invariant polar tensors of the point group. Higher-order terms in the expansion of the fieldance tensor represent torques with higher degrees of anisotropy. However, the leading-order terms explicitly written in Eq. (6) provide a sufficient description of the current-driven dynamics for many materials.
III. CHIRAL MAGNETS AND SKYRMION DYNAMICS
We now focus on bulk magnets with cubic B20-type crystal structures. Examples of such magnets include MnSi, FeGe, and (Fe,Co)Si. The symmetry of these systems is described by the tetrahedral point group T (in the Schönflies notation).
We begin by writing down the specific form of the invariant tensors in systems described by the point group T. 47, 48 The invariant tensors lead to phenomenological expressions for the free energy, Gilbert damping tensor, and current-induced torque given in Sec. II. A collective coordinate description is then applied to model the current-driven dynamics of the magnetic system.
A. Invariant tensors
The point group T is the smallest of the five cubic point groups and consists of 12 proper rotation operators: the identity operator; three two-fold rotation operators about the x, y, and z axes; and eight three-fold rotation operators about the body diagonals of the cube. Because the group only consists of proper rotations, the invariant axial and polar tensors have the same form.
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In the present study, expressions are required for all tensors written explicitly in Section II, with the exception of α (3) and α (4) in Eq. (4) because we expand the Gilbert damping tensor to the lowest order in the magnetization gradients. Thus, we will consider invariant tensors up to the fifth rank.
Invariant second-rank tensors T ij are described by one independent tensor coefficient:
Here, δ ij is the Kronecker delta. Invariant third-rank tensors are described by two independent tensor coefficients, and their non-vanishing elements satisfy the two symmetry relations
Invariant fourth-rank tensors are described by seven independent coefficients that satisfy the relations
where p = 3 indicates the three different symmetry relations obtained from the expression by holding the first index constant and permuting the last three indices. For example, Eq. (11) also yields the relations T xyyx = T yzzy = T zxxz and T xyxy = T yzyz = T zxzx . Invariant fifth-rank tensors are determined by 20 independent tensor coefficients whose non-vanishing elements satisfy the symmetry relations
Here, p = 20 refers to the 20 independent symmetry relations obtained from Eq. (13) via permutations of the five indices. There are 68 independent tensor coefficients that determine the required free energy, torques, and damping to describe current-induced skyrmion motion. Whereas the number of parameters might appear overwhelming, we demonstrate below that only certain combinations of these parameters appear in the final results, which are more transparent.
B. Collective coordinate description
We apply a collective coordinate description to model the current-driven magnetization dynamics. 49 The magnetic state is assumed to be parameterized by a set of time-dependent collective coordinates {a i (t)|i = 1, 2, ...} such that m(r, t) = m(r, {a i (t)}). The equations of motion for the collective coordinates are then given by
Here, the matrices Γ ij and G ij are G ij = m · [(∂m/∂a i ) × (∂m/∂a j )]dV and Γ ij = (∂m/∂a i ) · α(∂m/∂a j )dV, and F i is the force attributable to the effective field, F i = H eff · (∂m/∂a i )dV. The force on the collective coordinates attributable to the current-induced torque is represented by
We compute the above matrices and vectors, which are governed by the 68 independent tensor coefficients discussed in the previous section, and determine the rate of change of the collective coordinates.
C. Equations of motion
A current density J = [J x , J y , J z ] is applied to the system, and an external magnetic field is applied along the z axis such that a lattice of skyrmions forms in the xy plane. The skyrmion lattice is assumed to be undistorted during the current-driven dynamics. In this approximation, we can disregard rotations of the magnetic texture 50 , and the skyrmions can be considered a lattice of non-interacting particles, where each skyrmion is described by
The two-dimensional center-of-mass coordinates r x and r y are the collective coordinates that describe the dynamical evolution of each skyrmion. Distortions introduce an additional collective coordinate, which describes the rotational motion of the skyrmions. 50 The parameters R and q ∈ {1, −1} are the size and topological charge of the skyrmion, respectively.
Disregarding terms that are of second order in the Gilbert damping parameters, the collective coordinate formulas presented in Section III B generate the velocity of the center of mass:
Here, P To reveal the effects of the SOC, let us compare the expression for the velocity of the center of mass in Eq. (18) with the conventional expression for the velocity in the non-relativistic limit, in which the homogeneous SOTs vanish, and the STT and the Gilbert damping parameters satisfy the symmetry relations
Comparing Eqs. (18) and Eq. (19) indicates that the SOC introduces several important effects on the skyrmion dynamics. First, the equations of motion in Eq. (18) are no longer rotationally symmetric about the z axis. Clearly, the effective torque and damping parameters that govern the motion along the x and y axes differ because there are no symmetry operations that relate the two axes. Thus, different current-driven velocities can be observed for currents applied along the two directions, and a measurement of this velocity anisotropy provides a simple test for investigating the importance of the SOC. A current along the z axis does not influence the velocity in the linear-response regime.
Second, the SOTs strongly affect the skyrmion motion along the current direction. The reactive homogeneous SOT leads to a renormalization of the drift velocity along the current direction that scales linearly with the skyrmion size R. The reason for this linear dependency is that the homogeneous SOTs do not depend on the magnetization gradients. Thus, the homogeneous SOTs couple more strongly to larger skyrmions, whose textures are distributed over a larger spatial region. Because Λ eff r is linear in the SOC, whereas R scales as the inverse of the SOC (and thus the product RΛ eff r is independent of the SOC), the reactive SOT contribution to the drift velocity can be of the same order of magnitude as the terms that are induced by the reactive STT, i.e., the terms proportional to P eff x and P eff y . Third, SOTs also strongly influence the Magnus force. The terms proportional to q in Eqs. (18)- (19) represent the transverse drift velocity induced by the Magnus force. Both the reactive and dissipative homogenous SOTs produce corrections to the Magnus-force-induced motion that scale linearly with R. Using the same arguments as above, the reactive SOT yields a transverse drift velocity ∼ RΛ (18) is the contribution of the dissipative homogeneous SOT to the transverse velocity. In contrast to the terms that arise from the STTs and reactive SOT, the dissipative SOT produces a transverse velocity that depends neither on damping parameters nor the dimensionless effective β parameters. The velocity is solely determined by the values of RΛ and RΛ eff d,y . There is little knowledge regarding the magnitude of the dissipative homogeneous SOT and how it depends on the SOC in chiral magnets. However, a recent experiment concerning (Ga,Mn)As indicated that the dissipative part can be comparable in magnitude to the reactive part. If the same result is applicable to chiral magnets, the dissipative homogeneous SOT provides the largest contribution to the transverse drift velocity and is the dominant driving force that causes deflected motion of the skyrmions. This relativistic Magnus force is not linked to the fictitious magnetic field generated by the spin texture but instead arises from the dissipative part of the out-of-equilibrium spin density generated by the SOC combined with an applied electric field.
The three independent tensor coefficients that describe the reactive and dissipative homogeneous SOTs can be extracted from spin-orbit ferromagnetic resonance (FMR) measurements. 11, 21 An external magnetic field is used to align the magnetization along different directions relative to the bar direction, and an alternating current is applied to produce microwave SOTs within the sample that resonantly drive the magnetization. The reflected direct current contains information regarding the magnitude of the SOTs. We believe that such a measurement of the SOTs will be one of most interesting tasks for future experimental work concerning chiral magnets.
Just prior to the submission of our paper, a related theoretical work concerning SOTs and skyrmions in magnetic thin films was presented. 51 However, that work considers a different symmetry class that is intended for the description of ultra-thin ferromagnetic heterostructures, in which there is complete rotational symmetry and broken spatial-inversion symmetry along a transverse direction. Both reactive and dissipative Rashba SOTs are considered in their study, and they demonstrate that the SOTs also play a significant role in the skyrmion dynamics of these systems. However, only isotropic and spatially independent damping is considered.
IV. SUMMARY
In summary, we studied the effects of SOC on the current-driven dynamics of skyrmions in cubic chiral magnets. We performed a phenomenological expansion of the Gilbert damping tensor and current-induced torques that accounts for the relativistic SOC effects. A collective-coordinate description was applied to model the current-induced motion of the skyrmions. Our results demonstrated that the skyrmion velocity depends on the direction of the applied current relative to the crystallographic axes and that the SOTs contribute significantly to the current-induced velocity. The reactive SOT induces a correction to both the parallel and transverse drift velocities of the skyrmions that is of the same order of magnitude as the non-relativistic contributions. If the dissipative SOT exhibits a linear or quadratic relationship with the SOC, it produces a relativistic Magnusforce motion that is larger than the transverse drift velocity induced by conventional STTs. The SOTs cannot be neglected in the modeling of current-driven skyrmion dynamics because they do not depend on the gradients of the magnetization and couple more strongly to larger skyrmions. xxxx + 19a (1) xxyy + 29a (1) xxzz − 10a (1) xyxy − 10a (1) xyyx − 2a (1) xzxz − 2a
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The effective β factors are defined via the expressions 
These expressions are used to quantify the center-of-mass velocity in Eq. (18) .
